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Linearized Vortex Flows

W. 8. LEWELLEN*
Aerospace Corporation, El Segundo, Calif.

Steady vortex flows driven by a radial convection of angular momentum are considered.
The incompressible Navier-Stokes equations are linearized by considering perturbations
about both simple, nonrotating flows and strongly rotating flows, i.e., the equations are ex-

panded for large and small Rossby numbers.

Axial variations in a swirl superimposed upon a

stagnation-point flow (with radial inflow) are considered for large Rossby numbers. An ana-
lytic solution is found for the axial decay of a given swirl. By considering flows for small
Rossby numbers, it is found that, in flows dominated by rotation, the fluid motion is forced to
be two-dimensional except in thin shear regions where necessary adjustments imposed by
boundary conditions are made. The properties of these different shear layers are dependent
on the gradient of the basic circulation of the flow as well as the Reynolds number.

Nomenclature

inflow gradient for the sink flow

radial variation of the dimensionless stream function

radial variation of the dimensionless circulation

axial variation of the dimensionless circulation

characteristic axial dimension of the problem

axial length of the container

number of the term in one of the series expansions

radial Reynolds number, Q/»

pressure

radial volume flow per unit axial length divided by 2«

radius

characteristic radial dimension of the problem

tangential Reynolds number, T's,/v

Rossby number based on the radial flow, QI/T ..,

radial velocity

tangential velocity

axial velocity

boundary-layer coordinate

axial coordinate

ratio of characteristic lengths squared (rq/1)2

coefficient in the expansion of Eq. (50)

dimensionless circulation, vr/T

principal part of the circulation distribution which de-
pends on r only

perturbation circulation

characteristic value of the circulation

boundary-layer thickness

dimensionless radial coordinate, (r/r)?

kinematic viscosity

dimensionless axial coordinate, z/1

density

coefficient in the expansion of Eq. (50)

stream function as defined in Eq. (5)

dimensionless stream function

a perturbation to the stream function

rotation of the container

HWe MR g TR I TOR EI NI TR
)

L O 1 T

=
S

s

8

~

| | I I T

DEEC®a T MY S O

1. Introduction

AN interest in vortex flows has existed for many years.
Studies concerning meteorology, the Ranque-Hilsch tube,
the cyclone separator, wing theory, compressors, and others
have each yielded considerable literature on vortex flows as
related to that particular application. Recently, interest in
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confined vortices has been generated by certain concepts of
advanced nuclear rocket propulsion using gaseous-core nu-
clear reactors! and of electrical power generation? using mag-
netohydrodynamic effects.

The present study primarily considers the type of flow
shown in Fig. 1, where the fluid enters the region of interest
tangentially, spirals radially inward, and exits axially at some
smaller radius. The most ecommon example of this type flow
1s the “bathtub’” vortex. Since in such flows the radial and
tangential velocities are required to be zero on the axis of
symmetry, viscosity will generally play an important part in
determining the flow, at least in some neighborhood of the
axis. All of the present study is concerned with viscous flow.

The purpose of this study is to increase the understanding
of vortex flows driven by a radial convection of angular
momentum. It is well known that solving the full Navier-
Stokes equations is a formidable problem, which can only be
accomplished exactly in certain special cases. A wuseful
method of extending these special solutions is to assume a
perturbation about a known solution and to solve the resulting
linearized equations. This method is used herein by lineariz-
ing about both nonrotating and strongly rotating flows.

The influence of rotation on a fluid motion may be indi-
cated by the Rossby number, which represents the ratio of
linear momentum to angular momentum. When the Rossby
number is large, the influence of rotation is small, and it is
possible to consider perturbations about any of the simple,
known solutions of the axially symmetric Navier-Stokes
equations. Gortler® solved the problem of the axial decay of
s weak swirl in an axially symmetric jet by considering
Schlichting’s jet solution* with a weak swirl imposed. Talbot®
as well as Collatz and Gortler® considered the problem of pipe
flow with a weak swirl by linearizing the equations about the
parabolic velocity distribution of Hagen-Poiseuille flow.
Newman’ studied a swirl perturbation about uniform axial
flow. A perturbation about stagnation-point flow with radial
inflow (a simple flow directly related to Fig. 1) is considered
in the present study.

In many real flows, the rotational velocity is the dominant
feature of the flow, in which case some information as to the
nature of the flow can be obtained by considering a perturba-
tion for small Rossby numbers about a specified circulation
distribution.

Perturbation flows in a fluid rotating with a uniform angular
velocity have been considered by a number of investigators
beginning with Taylor, Proudman, and Grace during the
period 1915-1925. Their work, as well as the more recent
work of Stewartson, Morgan, Frankael, and Long, was sur-
veyed by Squire8 The work reviewed by Squire was mostly
related to the inviscid motion of bodies in a rotating fluid.
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Fig. 1 Yortex flow in

which fluid enters tan-

gentially, spirals rad-

ially inward, and exits

axially at some smaller
radius.

The studies of Proudman® and Stewartson® are of more
particular interest to the present investigation. Proudman
considered the viscous flow between two concentric spheres
rotating about the same axis with almost equal angular veloci-
ties. Stewartson considered the similar problem of the flow
between two coaxial rotating disks, each having a small arbi-
trary angular velocity superimposed on a constant angular
velocity. Because of the somewhat simpler geometry,
Stewartson’s solution was more nearly complete than that
given by Proudman. When the tangential Reynolds number
is large, the departure of the flow from that of solid-body
rotation was found to occur in thin shear regions. The thick-
nesses of these shear regions were O(Re,~V/?), O(Re,~!/3), or
O(Re,~''1), depending upon the function of the particular re-
gion. The corresponding unsteady motion in these shear
layers has been considered by Greenspan and Howard.!!

The linearization for small Rossby numbers to be considered
here differs from that previously considered in the literature
prinecipally in two ways: specified circulation distribution
other than that of solid-body rotation is considered; also, a
specific example directly related to the flow of Fig. 1 is solved.

II. Fundamental Equations

The equations of steady motion for an incompressible
fluid with constant viscosity in eylindrical coordinates as-
suming axial symmetry are

[O(rw)/or] + [0(rw)/d2] = 0 &y

where 7 is the radial coordinate; 2 the axial coordinate; wu, v,
and w the radial, tangential, and axial components of ve-
locity, respectively; p the pressure; p the density; and » the
kinematic viscosity.

For the general problem, the number of dependent vari-
ables may be reduced by defining the usual axisymmetric
stream function

u = (1/r)(0¥,/2) w=—(/NEFPr (5

and by eliminating the pressure by cross differentiation of
Egs. (2) and (4). The resulting equations can be somewhat
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simplified by writing them in terms of 2. For convenience,
the following dimensionless parameters are also introduced:

7 = r2/r® I'=w/T.
E=2/ ¥ = ¥/Ql (6)

where 1o, [, T, and @ are characteristic dimensional quanti-
ties which must be chosen separately for each problem con-
sidered. For the flow sketched in Fig. 1, a suitable r; may be
the radius of the exhaust hole, I the length of the vortex
chamber, 27T, the circulation of the entering flow, and 27Q
the volume flow per unit length. The resulting equations are

dy o oyl

2 2
ol | o o s

N on2 ' 2N of

on 0f
and
oI’ J [axﬁ o3y oY %Y
I'— = R2i4np| - ¥ X —
ot ~ TV 58 50 T oy oo

2/ 0%y o4y oy O dY o
Mooy rram) ] [at e 505 -
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As seen from Egs. (7) and (8) the flow is governed by three
dimensionless parameters: N = @/», a Reynolds number;
a = (ry/1)%, the ratio of characteristic lengths squared; and
Ry = Q/T .1y, the ratio of volume flow to circulation times the
radius, commonly called the Rossby number in meteorological
literature.

The system of Egs. (7) and (8), of course, still contains the
full complexity of the original axially symmetric Navier-
Stokes equations. Consequently, exact or ‘nearly exact’”
solutions can be expected to be found in only rather special
cases. Itisthe purpose of this study to investigate the linear-
ization of these equations for flows related to that of Fig. 1.
A more general consideration of Egs. (7) and (8) for flows
related to Fig. 1 is given in Ref. 12.

III. Perturbations about Flows with No Swirl

Any of the simple, known solutions of the axially sym-
metric Navier-Stokes equations may be extended to include
flows with weak swirl. When the Rossby number is large, the
effect of circulation on the stream function is small. The
stream function may then be taken as given, up to a small per-
turbation, by the known solution of a nonrotating problem.
Examples of this approach have been given in the
introduction.

A simple flow directly related to Fig. 1 is that of axisym-
metric stagnation-point flow (with radial inflow). For this
flow, both the outer radius and the exhaust radius shown in
Fig. 1 become infinite and the plane of z = 0 becomes a plane
of symmetry. Let us consider a circulation superimposed
upon such a stagnation-point inflow and assume that this
circulation has a small effect upon the given stream function.
Burgers'® and Rott!'4 have considered the special case of a
tangential velocity, which is a function only of the radius,
superimposed upon stagnation-point inflow. For this special
case, the stream function is independent of the circulation.
Thus, the linearization assumed here implies either that the
circulation is weak (large Ro) or that the circulation is almost
independent of z.

Let
¥(n, 8 =né+ y(n, 9

with 1 < 1. The perturbation equations of motion can then
be written as

dI'  dI' 29T | a 0T (10)

Ol _ g2 _2noil | a0 r
"o df Nan2+2NagZ+0("")
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It is clear from Eq. (11) that, to meet the restriction that
<« 1, it is necessary to have By > 1 if the circulation varies
with the axial coordinate. This is the requirement of weak
swirl. The characteristic quantities to be used in defining the
parameters N, Ry, and « will be discussed later.

Equation (10) can be solved by separating the variables.
Assume

1
N (4’7 YT

I = gn)h(®) (12)

The resulting two equations to be solved are
(a/2N)L" + EB' — kh = 0 (13)
@/N)ng” — mg" + kg =0 (14)

where k& is the separation constant. To determine the axial
decay of the circulation, let us consider I'(n, &) as given and
initially assume that no further circulation is introduced into
the flow for £ > &. The boundary conditions on I' then are

(e, 8§ =T0,8 =0 Dip, &> =) >0

T'(n, &) = F(n) (15)

The eigenvalue problem then is to look for values of & that
permit solutions of Eq. (14) satisfying the conditions

9(0) = g(=) =0 (16)

The general solution of Eq. (14) for arbitrary & can be given in
terms of confluent hypergeometric functions. But a much
simpler solution satisfying Lq. (16) is possible (providing

N < 0 corresponding to radial inflow) when & = —n, with n
a positive integer. In this case

gn = (d"1/dyn =) (areN /%) an

For k = —n, Eq. (13) can be transformed into Weber’s

equation. Then the solution that is finite for £ > 0 and goes
to zero as £ — o is

h = &= NPAED_ ([~ 2N/ a) 112} (18)
with D.(z) equal to the Weber function.’* As {—
ho— &7 (19)

To show that the general solution of Eq. (10) satisfying the
conditions of Fq. (15) can be represented in the form

o

I‘(ﬂ; E) = Z Cf»Qn("'])hn(E) (20)

n=1

one only need show that the ¢.’s of Eq. (17) form a complete
set. It can be seen from Eq. (17) that g. exp(—N%/2) is a
polynomial of degree n. Thus, any function F analytic
at 7 = 0 can be expanded in terms of the funections ga.
exp(—N7%/2). The resulting expansion for F is valid for
7 < 7, the smallest singular point of . Since the only singu-
larity of exp(N75/2) occurs at n = «, it follows that F can be
expanded in terms of g. also for 9 < ne.T Thus, Eq. (20) repre-

1 The ¢,’s are in fact related to the associated Laguerre poly-
nomials!®

_(n = 1)1ef gn?
n! x dz™ !

n

zle*

Lu¥z)

which are a complete set.
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sents the general solution satisfying the conditions of Eq. (15)
as long as the given T distribution at £ = & has no singulari-
ties between 5 = Oand y = .

An interesting point about the general solution Eq. (20) is
that the higher-numbered eigenfunctions decay more rapidly
with £, so that as £ — «

I' — (c/§)neln/2 @1

regardless of the specified distribution at { = &.

Because of the linearity of the system, a Burgers-Rott solu-
tion can also be added to the solution given in Eq. (20); in
fact, it can be considered as the zeroth eigenfunection in Eq.
(20). Their solution for T' can be obtained by setting sy =
const and & = 0in Egs. (13) and (14) with the boundary con-
ditions that I'(0, §) = 0 and T'(=, £} = A. The resulting
solution is

go = A1 — &Nz (22)

The solution has been obtained for the axial decay of circu-
lation for stagnation-point inflow when the swirl either is
weak or is almost uniform with z. The three lowest radial
eigenfunctions {(go, 1, and go) are plotted in Fig. 2 for N = —2.

The characteristic quantities @, T', ro, and [, used in the
definitions of N, Ry, and « have not been fixed for this
problem. Since there is no geometrical radius for this
problem, and since the radius appears multiplied by the radial
Reynolds number in the solutions, it is appropriate to base ro
on the kinematic viscosity divided by a velocity. Then it is
consistent to have

¢ = —arg

The r, defined in this manner is the radius of the viscous core as
discussed by Rott.1* The circulation I',, can be chosen as the
asymptotic value that vr approaches as r — « sothat 4 = 1.
(If vr approaches zero as r — o, then I';, might well be chosen
as the maximum value of vr at £ = &.) Two cases must be
considered in choosing I, depending upon whether z, the
position at which the radial distribution of T' is prescribed, is
finite or zero. If z,is finite, then it is a geometrical length and
can appropriately be used for . But if 2z, = 0, then [ must
also be based on the viscosity so that it is appropriate to take
l = r,. In the latter case, « = 1 and By = 2v/T so that
R, > 1 imposes a strong restriction on the circulation. In the
former case, Ry increases with z, so that asymptotically R,
always becomes large for any T'..

The effect of the swirl on the stream function will be con-
sidered only for a specific case. First, consider I" given by the

re = (2v/a)11? N =-2 (23

-0.2 S

Fig. 2 The three leading eigenfunctions in the expansion
of the circulation in the problem of stagnaton-point inflow
with a weakly decaying swirl.
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Fig. 3 Radial distribution of perturbation axial velocity
caused by a weakly decaying swirl superimposed upon
stagnation-point inflow.

two leading terms of its asymptotic form for large £ with
4=

P=1—e7+4+ (cn/He " (24)

Second, let @ = 0 in Eq. (11). This corresponds to looking
at the asymptotic form of the equation for large £. Note, that
if @ = 0in Eq. (13), then the A,’s are given simply by 2. =
£-—=.  Under these conditions, Eq. (11) becomes

04% _ b lh D \01 D lﬁl - ce "

T ot ofon® " om® | ARgmE

(9]

Trom the form of Eq. (25) it is clear that ¥, can be expanded
in inverse powers of £.  Assuming no other disturbance to the
stream function other than the decay of circulation and keep-
ing only the leading term in the expansion, one can represent

Y1 as

+ £

Yo =fn)/& + ... (26)

A solution for f satisfying the conditions that f* and all its
‘higher derivatives approach zero as g — « is

€ nel — e "
- —d
Fyx [e fo . n -+

ZJ;OO 6__7](11]_—6_71) + Cle—n] 27

f =

"This funetion is plotted in Fig. 3 for C; = 0. It shows that if
¢ is positive, so that the absolute magnitude of the circulation
1s decaying as £ increases, then the axial velocity 0y/0n will
be increased at a slower rate on the axis than it is in an annulus
about the axis. This is a result of the reduced axial pressure
gradient on the axis. In strongly rotating flows, this is ac-
centuated and the axial pressure gradient can be reversed to
give the reversed flow cell often encountered.'?

In summary, the eigenfunctions for the axial decay of
cireulation for stagnation-point inflow have been obtained for
‘the ease in which the effect of tangential velocity is restricted
‘to a small perturbation of the stream function. To meet this
Testrietion it is necessary to have

1/R0T/0¢| « 1 (28)

"That is, either the Rossby number is large or I must be very
nearly independent of 2. Inversely a very small variation of
T with z can have a large effect on ¢ if the Rossby number is
small. This case is discussed further in the next section.

1V. Perturbations About Rotating Flows

Some information about flows dominated by rotation can
be obtained by considering perturbations about a specified
Ty distribution. Small perturbation flows about rotating
flows where the basic rotation distribution is other than that of
uniform rotation are rather difficult to realize in a laboratory
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experiment. However, since the investigation of such flows
should aid in explaining some of the features that occur in real
rotating flows, the flow here will be linearized about a given
arbitrary rotation distribution. Since the Rossby number
of motion dominated by rotation is small, it can be seen from
Eq. (8) that the given I'y distribution should be restricted to a
function of the radial coordinate only. Therefore, let

T = To(n) + Tiln, & (29)
and assume that
i1 (30)

If a straight Rossby number expansion is used, with & and N
considered as order-one quantities, as was carried out by
Lewellen,'2 17 then from Egs. (7) and (8) it follows that

To(QT1/08) = O(Ry?) (31
To(0¢/08) = (29/N)Ty" (32)
therefore,
¥ = £h(n) + fo(m) (33)
with f; and T related by the equation
29T, — NIy =0 (34)

Such a flow must be two-dimensional with the radial and tan-
gential velocities depending only on r and the axial velocity
linear with z.

If the boundary conditions are such that the flow cannot be
two-dimensional everywhere, then some of the higher-
derivative shear terms must be retained in Egs. (31) and (32)
to permit the boundary conditions to be satisfied. The
linearized equations of motion including the shear terms then
are

00 1 (2 oIy 1

1 a0l
Y2t T N\TTopr T 30

or 4
LA [877 ( a¢+ngﬂ¢)+

of N
2 adiy
"( "onof 2 aT)] (36)

T 21;F0”> (35)

Equations (35) and (36) will not be solved for the given
boundary -econditions of a particular physical flow; rather, the
different shear layers occurring in strongly rotating flows will
be examined separately. A physical problem can then be
solved by appropriately matching these shear layers to fulfill
given boundary conditions. Here, a shear layer is defined as
a thin region in which the gradients of a variable are much
larger than the variable itself. The different order shear
layers can be obtained from Kqs. (35) and (36) by making
three different boundary-layer approximations.

In a shear layer of thin axial extent (type-I boundary
layer), the characteristic axial dimension is the layer thickness
81 Thus, @ = (ry/81)?>> 1, and the equations reduce to

all/ a a2P1 27] P
0

a—g N og (37)
ory _ _ Rya? ajﬁ .
Toge =~ oy iy (38)

Note that in these two equations for T'; and ¢, differentia-
tion occurs only with respect to £, so that » can be regarded
as a parameter rather than a coordinate. Substituting Eq.
(37) into Eq. (38) gives

DT1 R02a3 b*”l’ ol

I'oT, e = av: " 0B (39)

Therefore, for consistency, Ry2a3/N? = 0(1), so that

o _ AN _ o L 40)
s=o(r) =o(rm)
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The axial boundary layer thus has the same order of thickness
as that usually found in boundary-layer theory.
In a shear layer of thin radial extent located at a radius r,

7 =1+ éx (41)
and Egs. (35) and (36) reduce to

o] 2 o 2
‘l/ _ 1 + 21, (42)

Y 2
To Of Né&*ow2 N

o _ _ 8B 0%
To dF  Né&* ozt (43)

From Eqgs. (42) and (43) it is possible to distinguish two
types of radial shear layers. Eliminating ¢ from Egs. (42)
and (43) gives

, 0 16Ry? O°T,
Tl 58 = 7 N ors (*4)
and setting Ro?/N26° = O(1) gives
8 = O[Re, 1/3(1/r0)'/3] (45)

in what will be called a type-1I boundary layer.
The type-I1I shear layer occurs when Ry*y¢/N§I;y « 1.
In this case, from Eq. (43),

I' = @) (46)
and
8 = ON(Y/Tyl~v* (47

This is the layer that may be O(Re, /%) as will be seen later.

Each of these three shear layers will be considered in some
detail. Then an example will be given of patching these
flows together to get the complete flow in a rotating container.

In the case of the type-1 axial boundary layer, if it is as-
sumed that the boundary conditions are that Iy = 0 at
£ = 0 and approaches asymptotically a finite value as § — «,
then the solution to Eq. (39) is

Ty = g(m[l — e7* cosE] (48)

with g(n) arbitrary and £ = (ToTy’/%)!/*Re,/2(z/r) provided
that ToI'y’ > 0. If ToIy < 0, it is impossible to satisfy the
desired boundary conditions. Thus, no solution is possible
for Iy decreasing with increasing r. From Eq. (87) the soly-
tion for ¢, satisfying the same boundary conditions that ¢ = 0
at £ = 0and approaches a finite value as £+ «, is found to be

R Ty \ /4
b R (B
. 0 n

[1 — (sinf + cosEe~t + 0 <717>j| (49)
Ret

For the special case of Ty = % (rigid rotation) and ¢g(y) = 1,
the solution given in Eqgs. (48) and (49) reduces to the Ekman
spiral.®® There are two notes of special interest about the
more general spiral represented by Eqgs. (48) and (49). The
first is the fact that the solutions remain valid when multi-
plied by a general function of the radius g(y), provided only
that it is the same function for both the circulation and the
stream function. The second is the way in which the bound-
ary-layer thickness varies as the main T, distribution departs
from that of rigid rotation. If the basic circulation distribu-
tion grows with radius faster than Ty = #, then the over-all
boundary-layer thickness is decreased and becomes a function
of the radius, decreasing as the radius increases. On the
other hand, if the basic circulation distribution grows with
radius more slowly than rigid rotation, then the boundary-
layer thickness is increased over all and also increases with in-
creasing radius. Equations (48) and (49) show that the
boundary layer becomes infinite as I'y approaches the constant
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value of potential flow. As stated previously, it is impossible
to obtain this type of boundary-layer solution for Ty decreas-
ing with increasing radius.

King and Lewellen'® have found similarity solutions for
flow in a boundary layer of the type considered here for the
nonlinear problem with boundary conditions that permit a
radial power-law variation of circulation. The numerical
solutions obtained for the nonlinear problem exhibited oscilla~
tions and a boundary-layer character similar to that of the
linear solution given here. In the nonlinear case, there was no
way of investigating the nature of the singularity in the
boundary-layer thickness for the potential vortex. In the
linear case here, the boundary-layer thickness grows as
(To) e,

In the type-II radial boundary layer, where the flow is de-
fined by Eq. (44), it is possible to take I';I'y’ as constant and
equal to its value at ro(y = 1). The solution thus can be
given ag

=2 ZS: [an; exp(onz + 1B8.E) + bn; exp(onz — ifa8)]
e (50)
with the ¢,,’s the three roots of
.t = (N28,8/16RH oLy’ B (51)

The B.’s are eigenvalues to be determined by the boundary
conditions. This boundary-layer solution was given by Stew-
artson® for rigid rotation. This layer is also seen to become
infinite as Tg becomes a constant. In the example to be given,
it will be seen that this type-I11 boundary layer is needed only
when the boundary conditions cannot be satisfied by the
other two.

In the type-IIIshear layer that occurs when Ry?y/N§*T « 1,
Eqgs. (42) and (43) reduce to

20 2 T, 2

T’ dF N5z ot Ty (52)
ol /0t =0 (53)
Therefore,
I = Ti(@) ¥ = £fil@) + fola) (54)
and
2T — N&2ily = —210 (55)

The forms of f; and f, are arbitrary as far as the equations in
this layer are concerned; they are left completely free to be
determined by the boundary conditions on the layer. Since
I'; and T’y are both functions only of the radius, this distine-
tion between the basie rotation and the perturbation rotation
is not necessary in this case. The type-1II shear layer can
be considered with the main flow; i.e., Eq. (55) can be in-
cluded with Eq. (34) and written simply as

T" — NAT! = 0 (56)

In this way the full T' distribution may be determined as a
function of a specified stream function. This way of con-
sidering the flow solution in terms of an expansion for large
ratios of circulation to stream function has been discussed by
Lewellen.1? 17

V. Flow through a Rotating Container

The role of these different shear layers probably can be best
illustrated by means of a specific flow example. For this
purpose, consider the flow in a rotating chamber with porous
eylindrical walls, for the case in which the speed of rotation
of the chamber is much larger than the flow velocity through
it. 'This is the flow of Fig. 1 bounded by porous cylinders at
re and r; and solid disks at z = =L/2 when all of the bound-
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Fig. 4 Rotating cylindrical container showing paths of
radial flow through it.

aries rotate uniformly. Also assume that the Reynolds num-
ber of rotation is large so that the principal axial variation of
the velocities can be expected to oceur in type-I boundary
layers on the end walls of the chamber. The flow picture
anticipated is shown in Fig. 4. The radial flow, although uni-
formly distributed over the length of the chamber at both
cylindrical side walls, goes to the type-I boundary layers on
the axial end walls. This redistribution of the radial flow
occurs within a type-1II boundary layer on the cylindrical
walls.

Within the boundary layers on the end walls, Eqgs. (87)
and (38) apply with I'y = %, and the solution for the per-
turbation circulation and stream function from Egs. (48) and
(49) is

Ty = g(n)(1 — e* cosE) (57)
Y = —g(n) (Re/2N)[1 ~ e~ (cosE + sind)]  (58)

with
E=[(L/2 — |)/8] 01 = ro/Re,/? (59)

with the coordinate system chosen so that the plane z = 0
bisects the chamber. Of course, it must be kept in mind that
in Eqs. (68) and (59) T' and ¢ are dimensionless and, to be
made dimensional, should be multiplied by I'.. = Qr? (with
2 the rotation of the container) and @68, (with 27Q the radial
volume flow per unit length), respectively.

Outside the two boundary layers on the top and bottom
walls of the chamber, there is nothing to destroy the two-
dimensionality of the motion, and Eq. (56) may be applied.
With the nonlinear term Nf;I'y’ neglected, the equation of
motion in this region is

291" — Nfi = 0 (60)

The solution of the flow in the chamber is obtained by match-
ing these regions at the edge of the top and bottom boundary
layers. By continuity, the matching condition on the stream
function is

fi+ @6/D ¥ (e,m) =1 (61)

Applying Eq. (61) and the matching condition that I'; be
equal at the outer edge of the boundary layer to its value in
the outer flow, one finds that Eq. (60) becomes

299" — Red'*(ro/L)g = N (62)

If it is assumed that the porous cylindrical walls of the
chamber are located at r = 7o and at r = r;, then ¢ is zero at
these two points. The general solution of Eq. (62) with these
boundary conditions is

g = Ro(Re)'?y[ALL(2y) + BK:i(2y)] (63)
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where I; and K, are the first-order Bessel functions with
imaginary arguments, and
_ Ki1Qy:)/yo — K1(2y0)/y:
L2y Ki(2y:) — 1(2y:) K1(2y0)

_ L, 2yo)/yi — 1:(2y:) /e
I,2ya) K1 (2y:) — 1(2y:) K1 (2y0)
y = (2reL) 12(Re )V

If the tangential Reynolds number is sufficiently large, then
y will be large everywhere in the interval yo > y > y; and the
asymptotic expansion of I; and K; can be used, in which case

62 (¥ — o)

g = Ro(Re)'"” {yml: + e2(yi—y):| — 1} (64)
4 y01/2 yi1l2

Collecting the preceding equations, one sees that the com-
plete solution for the circulation and stream funetion within
the rotating chamber is

or = Qr* + QL/ro) (Qre?/»)13(r) (1 — e~% cosE)  (65)

¥ = QUi + pl@lel/L) — 11~
gll — eH(cosE + sin) 1} (66)

with

_ 1 o, 1/2 Qry? s/ p
=z ) o L
1=redimen (7)) (5) G- ]+
1 2ro\ V2 Qra?\Vifr; 1
el (2) (%) (m"%)]}_l ®D

E=[L/2) — [2]1@/n)12 (68)

From Eq. (65) it is seen that outside of an axial boundary
layer of O(Re;~'/2) on the end walls and a radial boundary
layer of O[(L/ro)'/2Re,~*/*] on the porous side walls, the per-
turbation circulation is a constant of O(RoRe.'’?). If the
flow QL through the rotating chamber is negative, i.e.,
radially inward, then the perturbation cireulation adds to the
basis rotation; if the flow is radially outward, then the per-
turbation ecirculation subtracts from the basic rotation.
From Eqs. (66) and (67) it can be seen that the radial flow is
confined to the boundary layers as anticipated in Fig. 4. Al-
though the flow is uniformly distributed over the length of the
chamber at both cylindrical side walls, it goes to the axial end
walls in the radial boundary layer of O{(L/ry)'/2Re,~1/].
The total flow is then confined to the axial boundary layer of
O(Re;~1/%) for the traverse of the chamber until it reaches the
radial boundary layer on the opposite side wall. Between the
two radial boundary layers, the axial boundary layers on the
two end walls reduce to classical Ekman boundary layers.
Experiments, which check the perturbation circulation ob-
tained in these layers, have been made by Faller,”® who has
also carried the theory in these regions to higher order in an Ry
expansion.

If the rotation Reynolds number is such that Re,~'/% X
(L/79)*'2 is not a very small number but Re,~1/? continues to
be small, then the solution of Eqgs. (65) and (66) remains
valid, but Eq. (63) must be used to determine § rather than
Eq. (64). For this case, the two radial boundary layers tend
to merge and lose their identity.

In Refs. 21 and 22 the corresponding nonlinear problem of
flow through a cylindrical container has been solved numeri-
cally. The outer porous cylinder is assumed to rotate in the
same manner as for the linearized problem here, but the end
walls are held stationary in the nonlinear problem. The
analytic solution given here yields most of the features found
in the nonlinear numerical solution.

The O(Re;~*'?) boundary layer on the end walls and the
O[(L/7)Y2Re,; '] on the side walls are the same as that ob-
tained by Stewartson® in his example of a rotating eylindrical

|
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chamber, in which the cylindrical walls rotate at a velocity
slightly different from that of the end walls. The present
example is somewhat simpler since the type-II shear layer
represented by Eqs. (44) and (45) was not required. This
added shear layer is required in Stewartson’s example because
the remaining two cannot satisfy the boundary conditions at
the solid cylindrical walls.

To see how the third region joins the two in the present
example, consider the flow through the outer cylindrical wall
to be some sort of jet at the center rather than distributed
uniformly across the length. Since the flow will remain sym-
metric about the plane z = 0, the solution for the perturbation
cireulation in this type-I1 layer can be given from Eq. (50) as

=> Z an; exp(—

nj=1

with 0,2 = 8./18, 6 =
From Eq. (42) then

on2) cosfaf + € (69)
(I/ro)Y3Re, 1% and z = (1 — r?/rs?) /8.

3

_ Niﬁ )N Bn L explong) sinBo  (70)

equal to 2nr so that the axial
gives

Setting the eigenvalue B,
velocity 0y/0x = O at £ =

L
Z
1 1 1/2
T =5 (nm)' Tnz = Q(mr)w( + 3 1)

This gives
=, cos2nm§ [am exp(— a.2) +
n

i
Qan exXp(— F,2/2) cos<%2 Fat + wn>_§ +C (72)

v 1 sin2nw§
a 4R0(R6¢TQ/Z)1/3 n 26’n
[aln exp(— &.2) + o exp(— &.2/2) X
1/2 4
cos 3 Ful F o0 + = :| (73)
2 3
where &, = (nm)!/3,/2, and the constants ai,, as., and w, are

to be determined by the boundary conditions on I', ¢, and
0yY/dx at = 0. Since the boundary conditions on the type-
I radial boundary layer were also applied at n = 1, z = 0,
they must also be accounted for in applying the conditions
here.

The problem now requires specification of the jet distribu-
tion of the inflow through the outer eylinder to complete the
solution. Without doing this, however, it is possible from
Eq. (73) to see that the a.’s are of O[Re(Rewrs/1)1/3]. Thus, the
perturbation circulation is of O[R,(Remrs/1)1/3] in this type of
boundary layer. From Eq. (65) it is seen that R, must be less
than Re, 1'% to keep the linearization valid; so that the per-
turbation circulation is less than Re, =1/,

Now the question can be answered as to what happens when
the flow is introduced nonuniformly in our example of the
rotating chamber. The radial velocity becomes uniformly
distributed in a layer of thickness O(Re, '/3) in which the
change in circulation is O [Ro(Resro/1)1/?]). Outside of this radial
layer, the flow remains the same as given in Eqgs. (65) through
(68). This same type of adjustment layer may be expected
to oceur at any point in the flow where the two-dimensionality
of the flow outside the end-wall boundary layers is disrupted,
i.e., such a layer should occur across the length of the con-
tainer if a step change in its length larger than the end-wall
boundary-layer thickness occurs at some radius.
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Let us return to the simple example of the porous eylindrical
side walls and consider how the flow picture changes as the
basic rotation is generalized from solid-body flow to a pre-
seribed arbitrary rotation T;. The nonuniform rotation of
the chamber required for this is practically impossible, but
this example is interesting to illustrate the manner in which
the nature of the flow alters as T'y = const is approached.
Following the same procedure as previously, one finds that
the completed flow picture within the region bounded by the
radial boundary layers of O(Re; /%) on the porous cylinders
at ro and r; is given by

wr/Qre2 = Ty + (1 — ¢~ cosE)gRoRe. (74)

" Bz o LT\ 4 1 _
Ut [1 — e~*(cos¢ + SIHE)]gRo( > Ty (75)
g == (1) @y — NTy
I=nw <F0F0'> (@ = NT) (76)

_ <_ — I |> Re,l/2 <%'>1/4 an
7

Equations (74-77) reduce to Eqs. (65-68) when I'y = 17,
except that Egs. (65-68) include the flow in the radial bound-
ary layers on the porous cylinders whereas Eqs. (74-77) do
not. For a given geometry and tangential Reynolds number,
the stronger the circulation gradient, the thinner the axial re-
gions to which the flow is confined. As the circulation gra-
dient approaches zero, the end-wall boundary layers become
infinitely thick. However, the amplitude of the circulation
perturbation goes to zero. For constant I'y, i.e., potential cir-
culation, the stream function is completely decoupled from the
circulation. The distribution of radial flow through the
chamber is then the same as for the chamber at rest.

Even if the total radial flow through the chamber goes to
zero, the perturbation circulation does not go to zero since the

product R, remains finite
1/4 L 1
) 291" — &~ (78)

To Ret

lim gRy = (

1
o Toly’
This is required because each T'y distribution in the flow needs
a certain radial flow to sustain itself. This radial flow in the
main vortex is balanced by a counter flow in the axial end-
wall boundary layers, which in turn is sustained by the per-
turbation circulation.

VI. Conclusions

Linearizations about both simple nonrotating flows and
strongly rotating flows have been considered. A weak swirl
superimposed upon stagnation-point inflow has been solved
in some detail. In the other extreme, after some general
properties of the shear layers occurring in strongly rotating
flows were considered, a weak flow through a rotating cylindri-
cal chamber was also solved in some detail. In the swirling
sink flow problem, the key assumption necessary to linearize
the flow is seen to be that the swirl either is weak (large
Rossby number) or is nearly independent of z. The solution
illustrates the way in which an axial decay in swirl can retard
the axial velocity on the axis.

The different characteristic boundary layers occurring in
the linearized rotating chamber problem exhibit the way in
which flows dominated by swirl are forced to be two-dimen-
sional except for thin shear regions wherein all necessary ad-
justments forced by the boundary conditions are made. A
large swirl in a flow tends to make the motion highly aniso-
tropic with the resistance to radial flow much higher than to
axial flow. When axial variations in tangential velocity are
forced to occur, the variations take place in narrow shear
layers. As a result, the fluid will gravitate to these regions of
lower centrifugal force that provide a path of least radial re-
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sistance. Combined with this fact is the fact that the radial
velocity supports the swirl by convection of angular momen-
fum. Thus, the radial velocity always distributes itself
axially in a way that tends to make the tangential velocity
two-dimensional as far as is possible.

In strongly rotating flows, the effect of the rotation on the
stream function is dependent on the gradient of the basic
circulation. The larger the circulation gradient, the steeper
the adjustments in the shear layers.
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Couette Flow of a Radiating and Conducting Gas

Ravru GrEIF*
Unaversity of California, Berkeley, Calif.

This paper considers the Couette flow of an absorbing, emitting, and conducting gas. The
combined radiation and conduction problem is treated by 1) kernel substitution and 2) radia-
tion slip methods. Resulis are presented for the heat flux and temperature distributions for a
gray gas. In general, there is good agreement between the kernel substitution method and
the radiation slip plus conduction method for the determination of the heat flux. In the
absence of conduction, the temperature distribution obtained from the kernel substitution
method gives slightly better agreement with numerical results than the results obtained from

radiation slip methods.

Nomenclature

absorption coefficient

temperature

reference temperature, taken to be 7'y *
dimensionless temperature, 7*/T*
dimensionless freestream temperature
distance from left wall

radiation intensity

total heat flux
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